Abstract. We apply the renormalized coupling constants and Virasoro constraints to derive the ItzyksonZuber Ansatz on the form of the free energy in topological 2D gravity. We also treat the topological 1D gravity and the Hermitian one-matrix models in the same fashion. Some uniform behaviors are discovered in this approach.
Introduction
In recent years there have appeared various Gromov-Witten type theories. In all these theories we study their partition functions or free energy functions, expressed as formal power series in infinitely many formal variables. It is not convenient to study functions in infinitely many variables. The well-established methods in mathematics usually deal with only finitely many variables, especially when analyticity or smoothness of the functions are concerned. It is then very desirable to develop some methods to convert the problems that involves infinitely many variables to problems with only finitely many variables. Amazingly, such situations were faced by Wilson when he studied renormalization theory. He discovered that in doing renormalzations step by step, it is necessary to work with Hamiltonians with all possible coupling constants hence it is necessary to work with a problem of an infinite degrees of freedom. By considering the fixed points of the renormalization flow, a miracle happens: In the limit the theory becomes soluble with finitely many degrees of freedom. We will report in this work similar miracles happen in the case of some Gromov-Witten type theories. In this paper we will focus on three examples: 1D topological gravity, Hermitian one-matrix models, and 2D topological gravity. In subsequent work, we will make generalizations to other models.
To explain our results, let us begin with the case of two-dimensional topological gravity. Witten [9] interpreted the 2D topological gravity as the intersection theory of ψ-classes on the Deligne-Mumford moduli spaces M g,n . The free energy of this theory is the generating function defined by:
(1. where {t i } i 0 are formal variables understood as the coupling constants, and they will be understood as coordinates on the big phase space of the 2D topological gravity. The partition function is defined by ( Conversely, together with the string equation, the KdV hierarchy completely determines the free energy. This conjecture was proved by Kontsevich [6] by computing the partition function in a different way-the Kontsevich matrix model, so the partition function Z 2D is also known as the Witten-Kontsevich tau-function and denoted by τ W K .
There is another way to study the Witten-Kontsevich tau-function τ W K . As pointed out by DijkgraafVerlinde-Verlinde [2] , τ KW can be uniquely determined by a group of linear partial differential equations known as the Virasoro constraints. For derivations of the equivalence of the two ways, see [2] .
One can use either the characterization by KdV hierarchy plus string equation or the Virasoro constraints to compute the free energy functions F g . The results are of course some formal power series in the coupling constants t 0 , t 1 , . . . which are too complicated to expect any closed formulas directly. In [5] , Itzykson and Zuber introduced another group of variables I 0 , I 1 , · · · defined by: for g 2. This is a finite sum of monomials in
Ij
(1−I1) (2j+1)/3 . By inserting this ansatz into KdV hierarchy, they got some concrete results of free energies of low genus and they remarked that "There is no difficulty to pursue these computations as far as one wishes".
Inspired by this ansatz especially the introduction of I k , the second named author carried out a comprehensive study of one-dimensional topological gravity in [10] in the hope that this would lead to a better understanding of the Itsykson-Zuber ansatz. He considered the the action function:
(1.9)
S(x) = − 1 2
t n x n+1 (n + 1)! , and its renormalization by the iterated procedure of completing the square. In the limit of this procedure, one reaches the critical point x ∞ of the action function which satisfies the following equation ( [10] , Proposition 2.1):
(1.10) One can see that x ∞ and I ′ k are exactly I 0 and I k by definition! In [10] , by Lagrange inversion formula, the second named author derived an explicit formula for I 0 in terms of {t n } n≥0 :
(1.13)
By plugging this into (1.7), one can get similar expressions for I k . He also considered the inverse transformation, and got the following result:
(1.14)
As we have mentioned, {t n } n 0 are understood as coordinates on the big phase space. Now {I n } n 0 can be understood as new coordinates on the big phase space. They are called the renormalized coupling constants in [10] . The reason for this terminology is because the striking analogy with Wilson's renormalization theory in the sense that one starts with an arbitrary set of infinitely many coupling constants and the fixed point of the renormalization flow gives one another set of infinitely coupling constants. Another analogy with Wilson's theory is that with the introduction of these renormalized constants makes the theory become soluble in finitely many degrees of freedom. This is our interpretation of the Itzykson-Zuber ansatz (1.8) . In fact, for 1D gravity, inspired by Itzykson-Zuber's ansatz, the second author proved that for the 1D topological gravity theory,
is the free energy of genus g of the topological 1D gravity. Another example we treat in this work is the Hermitian one-matrix models of order N (i.e. the matrix is of N × N ). The second author understood the 1D topological gravity as the Hermitian one-matrix models of order 1 and extended some results for 1D topological gravity to Hermitian one-matrix models in [11] [12] [13] . Using the same method, he proved that for Hermitian one-matrix models,
for g 2, where F N g is the free energy of genus g. The proofs of (1.15) and (1.16) in previous works of the second author are based on rewriting the corresponding puncture equation and the dilaton equation in 1D topological gravity and Hermitian onematrix models in terms of the I-coordinates. It was announced in [10] that the same method can be applied to establish the Itzykson-Zuber ansatz. In this work we will achieve more than that. More precisely, we will show that all the Virasoro operators {L m } m −1 in all the above three examples can be rewritten in terms of the I-coordinates, and using this fact, one can also calculate the free energies of in arbitrary genus g recursively.
In [15] the second named author introduced some coupling constants t −n for n ≥ 1 and call them the ghost variables. They were used to defined the following extension of free energy F 2D 0 in genus zero:
This was used to make sense of the following special deformation of Airy curve introduced in [14] :
See also §5. In this paper we also consider the renormalizations of the ghost variables. They will be denoted by I −k for k ≥ 1:
When we impose the condition t −m = 0 for m > 0, the ghost variables I −n can be expressed as formal series in {I k } k≥0 :
(1.20)
It turns out that certain shift, denoted byĨ −n is more natural. An amazing result is that
We also used the renormalized ghost variables to investigate the applications of the I-coordinates to the study of the special deformations of the emergent spectral curves in the three cases we consider in this paper. It turns out that they manifest some uniform behaviors related to (1.9) in this new perspective. We summarize them in the end of the paper where we present some concluding remarks.
In summary, we have studied the Itzykson-Zuber Ansatz and its analogues from the point of view of Wilson's renormalization theory. One can interpret the results stated in such Ansatz as generalizations of the constitutive relations in the mean field theory approach studied by Dijkgraaf and Witten [3] . It is interesting to see that renormalization leads to the derivations of results in mean field theory in these theory. We believe this should hold in general and hope to return to this in future investigations.
We arrange the rest of the paper in the following fashion. We treat the cases of topological 1D gravity and Hermitian one-matrix models in Section 2 and Section 3 respectively. We verify the Itzykson-Zuber Ansatz in Section 4. We generalize the renormalized coupling constants to include the ghost coupling constants in Section 5, and use the renormalized ghost variables to study the special deformation of the Airy curve induced by the Witten-Kontsevich tau-function. In Section 6 we rederive the constitutive relations in genus zero due to Dijkgraaf and Witten [3] and derive their analogues for F 1D 0 and F N 0 . In the final Section 7 we comment on the uniform behavior of the special deformations of the spectral curves in the perspective of I-coordinates.
Computations in 1D Topological Gravity by Virasoro Constraints in Renormalized
Coupling Constants
In this section we recall the 1D topological gravity [10] . The partition function of this theory satisfies Virasoro constraints derived in [8] and further studied in [10] . We rewrite the Virasoro constraints in the I-coordinates. Using these constraints, we derive a recursively way to solve free energy in I-coordinates. We also study the special deformation of the 1D gravity in I-coordinates.
2.1.
Renormalized coupling constants in the 1D topological gravity. In order to understand how the I-coordinates in the Itzykson-Zuber Ansatz naturally arise, the second named author proposed in [10] to start with the topological 1D gravity and understand its action function from the point of view of Wilson's renormalization theory. The partition function of 1D gravity is the following formal Gaussian integral:
where the action function of the topological 1D gravity given by:
The coefficients {t n } n 0 are the bare coupling constants of this theory. One can modify the action by completion of square:
A new set of coupling constants is then obtained in this fashion. As explained in [10] , by repeating this procedure for infinitely many times, one gets a limiting set of coupling constants which are fixed by the procedure of completing the square. More precisely, the action function has the following form:
in the limit. The limiting set of coupling constants {I n } n≥0 will be referred to as the renormalized coupling constants. Here I n are defined by:
n! ,
or, more explicitly,
This situation is analogous to Wilson's renormalization theory. First of all, Wilson considered the space of Hamiltonians with all possible coupling constants. In our case, we allow our action function S to have all possible coupling constants t n , at the expense of considering only formal Gaussian integrals instead of addressing the issue of convergence of the Gaussian integrals. Secondly, Wilson started with a theory with arbitrary coupling constants and modified it to get a new theory of the same form with different coupling constants. In our case, we use the completion of square to modify our coupling constants. Thirdly, Wilson introduced the notion of a fixed point to describe the limiting theory of the renormalization flow. In our case the situation is similar. We reach the critical point of the action function and use the expansion there to obtain the limiting coupling constants. Furthermore, in [10] it was proved that the transformation from {t n } n≥0 to {I n } n≥0 can be regarded as a nonlinear change of coordinates, and the space of the theory of 1D topological gravity can be regarded as an infinite-dimensional manifold with at least two coordinate patches given by local coordinates {t n } n≥0 and {I n } n≥0 respectively. It turns out that the analogue of the Itzykson-Zuber Ansatz also holds in 1D topological gravity. The free energy of 1D topological gravity is defined by:
There is a genus expansion for F 1D :
where {F
1D
g } g 0 are formal power series of t 0 , t 1 , · · · . By [10] , if we define (2.8)
can be viewed as weighted homogeneous formal series of degree 2g − 2 in I-coordinates. In [10] , the second named author used two different methods, the Feynman diagram technique and the Virasoro constraints, to get the following results: 
where the correlators are defined by:
2.2.
Virasoro constraints for 1D topological gravity in I-coordinates. Let us now recall how to prove the above Theorem by Virasoro constraints. First one has the following Theorem:
Theorem 2.2.1. (Virasoro constraints [10] ) The partition function Z 1D of topological 1D gravity satisfies the following equations for m −1:
where
Next the change of coordinates between {t n } n≥0 and {I n } n≥0 induces the linear transformations between { 
and conversely,
Using these expressions, the following formula for L 1D −1 and L 1D 0 has been proved [10, (192) , (196) ]:
From these one can derive (2.11)-(2.13). The main result of this Section is that by expressing L 1D m for higher m in I-coordinates, one can find an algorithm to explicitly compute F 
Proof. The first term in the definition of L 1D m in (2.18) is:
This is the first term of right hand of (2.25). By (1.14) and (2.22),
We have used the following identity:
This can be proved as follows:
By (2.22):
by (2.22), so we have completed the proof.
Computations of F

1D g
by Virasoro constraints in I-coordinates. As applications of the expressions of the Virasoro operators expressed in I-coordinates derived in last Subsection, we use them in this Subsection to compute F in the I-coordinate are already known. We will focus on F 1D g (t) for g 2.
Theorem 2.3.1. For free energy of 1D gravity of genus g 2, the following equations hold:
Proof. The Virasoro constraints for partition function
can be rewritten as the following equations for free energy in I-coordinate:
Recall the genus expansion of the free energy:
we have by (2.33):
and by (2.34): and show that F g is independent of I 0 for g > 0. To solve F g for g > 0, one can let I 0 = 0, in this case, t 0 = 0,
hence one can rewrite {L m } m 0 in I-coordinates in a simpler way.
Now we explain how to use Theorem 2.3.1 to calculate free energies of higher genus. By (2.13), F 1D g depends only on I 1 , . . . , I 2g−1 for g 2. By (2.32), we have:
∂I1 we have by (2.30) and (2.31):
By equations (2.44)-(2.49), we can solve
recursively, given the computation for
is weighted homogeneous of degree 2g − 2 in I k with deg
by the above procedure. We have
(1 − I 1 ) 3 + 1 8 
2.4. Special deformation of the spectral curve of 1D topological gravity in I-coordinates. In [10] , the second named author defined the special deformation of 1D topological gravity by:
This is a deformation of the Catalan curve [13] . Now we rewrite it in I-coordinates. We get the following result:
Theorem 2.4.1. In the I-coordinates, the special deformation of the spectral curve of 1D topological gravity can be written as:
Proof. This is just the N = 1 case of [13, Theorem 2.1].
Computations in Hermitian One-Matrix Models by the Renormalized Coupling Constants
In this section we recall the results on Hermitian one-matrix models in [11] [12] [13] . The partition function of this theory satisfies Virasoro constraints. Similar to the case of topological 1D gravity, we rewrite the Virasoro constraints for Hermitian one-matrix models in I-coordinates and use them to derive the explicit formulas for the free energy in I-coordinates.
3.1.
Free energy functions of the Hermitian one-matrix models. For standard references on matrix models, see e.g. [1, 7] . Here we follow the notations in [11] [12] [13] . The partition function of the Hermitian N × N -matrix model is defined by the formal Gaussian integral:
where H N is the space of Hermitian N × N -matrices. One can see that for N = 1,
The following result is well known, for the proof, one can see [1, 7] .
Proposition 3.1.1. For the Hermitian one-matrix integrals, one has:
(n+1)! in this Proposition, we get the following analogue of the renormalization of topological 1D gravity:
. For the Hermitian one-matrix integrals, one has:
Proof. By 3.1.1 and renormalization of the action function of 1D gravity, one has:
The free energy F N of Hermitian one-matrix models is defined by:
There is a genus expansions for F N :
where {F N g } g 0 are formal power series of t 0 , t 1 , · · · . This is called the thin genus expansion in [12] . By a result in [12] , if we define
The following analogue of the Itzykson-Zuber Ansatz and Theorem 2.1.1 is proved in [12] : 
In the literature another type of genus expansion is used. By introducing the 't Hooft coupling constant
N can be rewritten as:
where {F t g } g 0 are formal power series of t 0 , t 1 , · · · and t. This is called the fat genus expansion in [12] . We will study both thin and fat genus expansions for the free energy function of Hermitian one-matrix model by the correspondence Virasoro constraints. 
for m, n −1. [12] ) The partition function Z N of Hermitian one-matrix model with t = N g s satisfies the following equations for m −1:
Theorem 3.2.2. (Virasoro constraints for fat genus expansion
for m, n −1.
Similarly as in the topological 1D gravity theory, one can rewrite the Virasoro operators in I-coordinates:
.3. The Virasoro operators for thin genus expansion can be written in I-coordinates as follows:
Moreover, by taking N = t gs , one get the Virasoro operators for fat genus expansion in I-coordinates:
Proof. We have proved the following identity in the proof of theorem 2.2.2:
Now we rewrite
Denote these summations by (a)-(g) respectively, then using the following identity:
we have: 
Plus all these equations together, we complete the proof. 
Proof. The first equation has been proved in [12] . For the rest equations, we first rewrite Virasoro constraints for partition function into Virasoro constraints for free energy:
thenF N does not depend on I 0 , and
Now we let I 0 = 0, under this condition, one has:
and Moreover,
When restrict I 0 = 0, these equations give 
∂t m+n (3.64)
with
for m = 3:
for m 4:
∂I m−2 l 1
The proof is completed.
Now we explain how to use Theorem 3.3.1 to calculate free energies of higher genus. By (3.11), F N g depends only on I 1 , . . . , I 2g−1 for g 2. By (3.45), we have: 
By equations (3.71)-(3.77), we can solve
Example 3.3.1. Let us compute F N 2 by the above procedure. We have 
3.4. Special deformation in thin genus expansion of the Hermitian one-matrix models in Icoordinates. In [13] , the second named author studied the special deformation of the Hermitian one-matrix models which is defined by:
.
Now we rewrite it in I-coordinates, we have:
Theorem 3.4.1. In I-coordinates, the special deformation of the Hermitian one-matrix models is as follows:
Proof. This is just [13, Theorem 2.1].
3.5. Special deformation in fat genus expansion of the Hermitian one-matrix models in Icoordinates. In [13] , the second named author also studied another special deformation of the Hermitian one-matrix models based on the fat genus expansion, which is defined by (3.88)
We can also rewrite this special deformation in I-coordinates, and we get:
Theorem 3.5.1. In I-coordinates, the special deformation (3.88) can be written as: Proof. Similar to the proof of Theorem 2.4.1.
In fact, in [12, Section 7] , the second named author has pointed out that one can getF t 0 from the thin genus expansion, and one has the following result: Proposition 3.5.1.F t 0 has an expansion in 't Hooft coupling constant t:
with F t 0,k weighted homogeneous of degree 2k − 2, and it satisfies the following equations:
This Proposition gives a recursively way to compute F t 0,g , which is similar to the computation of F N g . We have:
(1 − I 1 ) 3 + 1 12
(1 − I 1 ) 4 + 1 16 
In general, 
for m 3. This gives another proof of the Proposition 3.5.1.
Itzykson-Zuber Ansatz in 2D Topological Gravity
In this Section we will prove the validity of Itzykson-Zuber Ansatz in 2D topological gravity.
4.1.
Preliminary results of the 2D topological gravity. According to Witten [9] , the mathematical theory of the 2D topological gravity studies the following intersection numbers on the Deligne-Mumford moduli spaces:
The free energy of the 2D topological gravity is the generating series of these intersection numbers:
It is well known that intersection number τ
satisfies the following selection rule:
In other words, if we define
is weighted homogeneous of degree 3g − 3. The partition function of the topological 2D gravity is defined by:
4.2.
Virasoro constraints for topological 2D gravity. The following theorem is the famous Witten Conjecture/Kontsevich Theorem [6, 9] . See also [2] or [5] . 
where and L 2D 0 in I-coordinates can be used to solve free energies in genus g = 0, 1 and establish the Itzykson-Zuber ansatz. Here we present some details which are similar to the 1D topological gravity case in [10] . 
and for g ≥ 2,
This gives
By analyzing degree of F 2D g , one has
This is equal to
as formal power series in I 1 , with coefficients a priori formal series in I 2 , I 3 , · · · :
Since I 0 = 0 is equivalent to t 0 = 0 and t k = I k (k > 0),
This vanishes unless the following selection rule is satisfied:
So l i = 0 unless i 3g − 2. Therefore
where the summation is taken over all nonnegative integers l 2 , l 3 , · · · , l 3g−2 such that (4.27)
Then the equation (4.21) gives us the following recursion relations: When g > 1, one finds
This proves
Remark 4.3.1. The formula for F 2D 0 in (4.11) is equivalent to the version announced in [10] . It is different from the original formula given by Itzyskon-Zuber [5] . Their version will be proved in Corollary 5.3.1.
In [10] , the second author studied another kind of coordinates { ∂ n I0 ∂t n 0 } n 0 , and proved the following transformation equations between this coordinates and I-coordinates:
In an earlier work by Euguchi, Yamada and Yang [4] , the Itzykson-Zuber Ansatz is written in two forms: in I-coordinates. In the nex Subsection, we will show that it is possible to use the higher Virasoro constraints in I-coordinates to derive a recursive method to solve free energies in higher genera.
Computations of F
2D g
by Virasoro constraints in I-coordinates. In the above we have shown that for g ≥ 2, F g is independent of I 0 . It follows that after we rewrite the Virasoro constraints in I-coordinates, we can take I 0 = 0 to compute F 
for r = 3, 4, · · · 3g − 3, where
Proof. By the constraint L m Z 2D = 0 for m ≥ 1, one gets:
We want to rewrite these equations in I-coordinates under the condition I 0 = 0. By (4.11), 
Together with Theorem 4.3.1, we complete the proof.
We explain how to use these equations to solve F 2D g for g 2. By above theorem,
. . .
is weighted homogeneous of degree 3g − 3 with deg J k = k − 1, one has: by the above procedure.
(1 − 3J 1 ) 5 + 1015 128
so we have
105 128
(1 − 3J 1 ) 5 + 1015 384
This can be written in I-coordinates as: 
Special Deformation of the Airy Curve in Renormalized Coupling Constants
In this Section we reformulate the special deformation of Airy curve introduced in the setting of 2D quantum gravity in [14] using renormalized coupling constants. It is remarkable that we need to consider ghost variables introduced in [15] and consider their renormalizations. 5.1. Special deformation of the Airy curve and ghost variables in 2D topological gravity. In [14] , the second named author studied the following special deformation of Airy curve defined by:
When all t n are set to be equal to 0, one gets a plane algebraic curve
This is called the Airy curve because its quantization gives the Airy equation.
To make sense of the right-hand side of (5.1), the following extension of the free energy F 2D 0 was introduced in [15] :
where t −1 , t −2 , . . . are formal variables referred to as the ghost variables. The reason for adding these extra terms to F 2D 0
is that the moduli spaces M 0,1 and M 0,2 do not make sense geometrically, however, from the following formula for n ≥ 3: it is customary to use the following conventions:
Consider the generating series After setting t −n = 0 for n ≥ 1, the right-hand side of the last equality gives us w 2D , up to a factor of √ π.
Renormalized ghost variables.
From the above discussions we are lead to consider: This seems to play the role of S(z) in 1D topological gravity. Recall the renomralization of the coupling constants in S(z) leads us to the following identity We can express the free energy of genus 0 with these notations as below: The proof is completed.
Remark 5.4.1. When we impose the condition t −n = 0 for n > 0, we have F j!k!(j+k+1) I j I k . Since for g ≥ 1, F g does not involve I 0 , one can further restrict to the origin t 0 = 0 in the small phase space, compute a few n-point functions and change t n to I n for n ≥ 1. Such formulas generalize the constitutive relations in the mean field theory considerations of Dijkgraaf-Witten [3] . So our discussions suggest that renormalization naturally leads to constitutive relations. We regard them as the analogues of (6.1). Furthermore, the Hessians are given by: 
Concluding Remarks
In this paper, we have further studied the I-coordinates. By rewriting L 2D 0 in I-coordinates, we have proved the Itzykson-Zuber ansatz. Furthermore, we have developed the techniques of rewriting all the Virasoro constraints for free energies in I-coordinates and solving free energies recursively.
As pointed out by the second named author in [10] , we understand the I-variables as new coordinates on the big phase space. In this paper, we have checked that at least in the cases of topological 1D gravity, Hermitian one-matrix model and topological 2D gravity, the free energies have good properties in these new coordinates. We believe this is a general phenomenon and hope to make generalizations in subsequent work. We have also seen that the use of renormalized coupling constants shed some lights on the mean field theory approach to the original theories.
Furthermore, we extend the definitions of I n for n ≥ −1 to include I n for all n ∈ Z. These are inspired by the introduction of t n for all n ∈ Z in [15] . They suggest to study an even larger phase space to include the ghost variables.
